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BIVARIATE REVUZ MEASURES AND THE EEYNMAN-KAC 
EORMULA ON SEMI-DIRICHLET FORMS 

LIPING LI AND JIANGANG YING 


Abstract. In this paper we shall first establish the theory of bivariate Revuz 
correspondence of positive additive functionals under a semi-Dirichlet form 
which is associated with a right Markov process X satisfying the sector con¬ 
dition but without duality. We extend most of the classical results about the 
bivariate Revuz measures under the duality assumptions to the case of semi- 
Dirichlet forms. As the main results of this paper, we prove that for any exact 
multiplicative functional M of X, the subprocess X^ of X killed by M also 
satisfies the sector condition and we then characterize the semi-Dirichlet form 
associated with X^ by using the bivariate Revuz measure, which extends the 
classical Feynman-Kac formula. 


1. Introduction 

We shall briefly explain the title of this paper first. The original Feynman- 
Kac formula is the characterization of the transition semigroup corresponding to 
the classical Schrddinger equation. Hence any topic related to this is called a 
Feynman-Kac formula. The essential point of Dirichlet form theory is the one-to- 
one correspondence between Markov processes and Dirichlet forms. An decreasing 
multiplicative functional of a Markov process gives us a subprocess and its transi¬ 
tion semigroup, which corresponds to the generalized Schrddinger equation. The 
Feynman-Kac formula means the characterization of Dirichlet form of the subpro¬ 
cess, if it is valid. 

Another word in the title we need to explain is semi-Dirichlet form. The classical 
theory of Dirichlet form, referring to [7], is the energy form of a Markov process 
X which is symmetric with respect to a cr-finite measure m on the state space 
E. This theory was extended to non-symmetric Dirichlet form where a pair of 
Markov processes are dual with respect to m and the bilinear form corresponding 
to the infinitesimal generator satisfies so-called sector condition so that theory of 
functional analysis can be used. For non-symmetric Dirichlet form, refer to [Si- 
More generally, the semi-Dirichlet form is the bilinear form of a Markov process 
whose infinitesimal generator satisfies the sector condition with respect to a mea¬ 
sure. The big difference between Dirichlet form and semi-Dirichlet form is that the 
measure m is excessive for the associated process in former case, so that the results 
in probabilistic potential theory may be used directly, and not for the later case. 
For semi-Dirichlet forms, refer to [^. 

The main purpose of this paper is to prove that any subprocess of a Markov 
process associating with a semi-Dirichlet form satisfies the sector condition and 
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to characterize the semi-Dirichlet form of the subprocess. For the Feynman-Kac 
formula concerning decreasing continuous multiplicative functionals in symmetric, 
non-symmetric and semi-Dirichlet form, refer to H, m and [B], respectively. For 
one concerning decreasing multiplicative functionals (non-local MF’s), refer to [26] 
and [27] . 

We shall adopt the standard notation and terminology of right Markov processes 
in [2], [12] and [23]. The symbol means a definition. Let {E, B) be a metrizable 
Lusin space, and m a tr-finite measure on E. Let 

X = {n,M,Mt,Xt,euPn 

be a right Markov process on E U {A}, where A is the trap of X, with (Pt) as 
its transition semigroup and C as its life time. Assume that {Pt)t>o satisfies the 
following hypothesis. 

Hypothesis 1.1. The semigroup {Pt)t>o acts as a strongly continuous contraction 
semigroup on L^{E,m). 

Note that Hypothesis 11.11 is not trivial because m may not be excessive. The 
infinitesimal generator of {Pt)t>o is the densely defined operator L given by 

Pf ■= - /)A> 

with the domain D{L) being the class of / € Lf{E, m) for which the indicated limit 
exists in the strong sense in Lf{E^m). The process X is said to satisfy the sector 
condition if the following hypothesis holds. 

Hypothesis 1.2 (Sector condition). There is a constant K > \ such that the 
bilinear form 

£if,9) ■= f.9^D{L) 

satisfies 

m,9)\ <K ■{/,{!- L)f)i • (g, (/ - L)g)i 
for any f,g& D{L), where I is the identity. 

Under the sector condition {£,D{L)) can be extended to a semi-Dirichlet form 
(see the appendix) denoted by {£, P) and D[L) is Si-dense in P. Moreover in [^ the 
author proved that under a mild assumption {E should be a metrizable co-Souslin 
space, see HYPOTHESIS2.1 of [5]) a right Markov process for which the sector 
condition holds is necessarily m-standard, m-special and m-tight. In particular its 
associated semi-Dirichlet form {£, P) is quasi-regular and X is properly associated 
with {£,P). It is well known that (see [16]) similar to the classical case, every 
quasi-regular semi-Dirichlet form on L‘^{E,m) always corresponds to an m-tight 
special standard process. However the state space U of a right Markov process is 
usually assumed to be a metrizable Radon space. The required assumption, say 
HYPOTHESIS2.1 of [B], can be replaced by the following hypothesis. Note that 
here we assume that E is separable whereas [B] does not. 

Hypothesis 1.3. The space E is a separable metrizable Radon space, and there 
is an increasing sequence {Kn}n>i of compact subsets of E such that 

(1-1) P^{ lim <0 = 0, 

n—¥oo 

where Tb '.= inf{t > 0 : Xt G B} for any Borel subset B of E. 
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Throughout this paper we always assume that X is a right Markov process on 
E satisfying Hypothesis 11.11 11.21 11.31 whose semi-Dirichlet form {S, E) is quasi¬ 
regular. Denote the semigroup, co-semigroup and resolvent, co-resolvent (see the 
appendix) of {£,E) by {Tt)t>o, {Tt)t>o and {Ga)a>o, iGa)a>o respectively. All the 
other necessary notations and terminologies are given in the appendix. 

To formulate Feynman-Kac formula, we need first establish the Revuz correspon¬ 
dence theory, which was first done by Revuz in |19] and [20] for positive continuous 
additive functionals (abbreviated as PCAF) under the duality assumption. Then 
the similar correspondence results relative to the general positive additive function¬ 
als (not necessarily to be continuous) and the multiplicative functionals under the 
duality assumption are formulated in [5], [10], [11], [22] and [23]. The correspond¬ 
ing theory for PCAF’s in symmetric case was developed by Fukushima in [4] and 
[7]. The main result is that each PCAF is in one-to-one correspondence with a 
smooth measure (also named by Revuz measure). To discuss the killing transform 
by a discontinuous multiplicative functional, we have to use the bivariate Revuz 
measures, which were first introduced by Sharpe in |22j in dual case and further 
discussed by the second author of this article in [26] and [27] . 

In this paper we shall consider the similar correspondence in the context of the 
semi-Dirichlet forms. The main difficulty is that the reference measure m is not 
necessarily excessive for X. However for any co-excessive function h, the measure 
h ■ m is always excessive with respect to X no matter m is or is not excessive. 
The co-excessive functions are rich enough so that it is possible for us to deal 
with the correspondence theory for semi-Dirichlet forms similarly to the cases with 
duality assumption. Actually the correspondence between the PCAFs and the 
smooth measures was given in 0, m and [IH] in the context of the semi-Dirichlet 
forms. Using the correspondence theory on PCAF’s we shall treat general additive 
functionals and define their bivariate Revuz measures on the semi-Dirichlet forms. 

The paper is organized as follows. In S[2| we shall focus on the transient case. 
Although X may not be transient we can consider the 1-subprocess of X which 
has the same properties as X for the Revuz correspondence, see Proposition 12.31 
Then under the transient assumption we can define the bivariate Revuz measures 
of the general additive functionals with respect to the reference measure in the 
context of the semi-Dirichlet forms. As outlined in Theorem l3.2l and Proposition l3.6l 
such bivariate Revuz measure is unique. We shall also give some examples to 
characterize the bivariate Revuz measures of some typical additive functionals such 
as the Stieltjes logarithm of the multiplicative functional in >13.31 

In >j4|we shall characterize the killing transform of the semi-Dirichlet forms. The 
killing transform of Ai by a multiplicative functional M is introduced in Appendix ICl 
We shall prove in Lemma l4T] and l4^ that the resulting subprocess X^ still satisfies 
Hypothesis 11.11 and 11.31 For the sector condition, i.e. Hypothesis 11.21 it will be 
more complicated. In Theorem 14.4114.6] and 14.71 we shall give a sufficient condition 
to ensure that X^ still satisfies the sector condition and this sufficient condition 
is verified for the typical jump-type semi-Dirichlet forms (see Example 14.91) and all 
multidimensional diffusion processes with jumps outlined in [25] (see Example l4.12p . 
In particular we can use the bivariate Revuz measure of the stieltjes logarithm of M 
to characterize the associated semi-Dirichlet form of X^. At last we shall extend 
the results in m to the semi-Dirichlet forms in >[5l which states that the killing 
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transform in Markov processes is equivalent to the subordination in Dirichlet forms, 
see Theorem 15.21 


2. Transience and weak duality 


It is well known that even if X is not transient, its subprocess killed by the 
MF (e“^‘)t>o is transient for arbitrary fixed constant d > 0. Clearly we have 

x^ = {n,M,iMt)t>o,Xt,et,Psn 

where Pg is defined by (1C.II) with M = (e“'^‘)t>o. In this section we shall illus¬ 
trate that there is no difference between X and X^ in the context of the Revuz 
correspondence. 

For the notation and terminology related to MF’s and AF’s, refer to [55]. For 
example we use MF(X) to denote the set of exact decreasing MF’s of X and 

MF+(X) = {M G MF(A) : Mq = 1}; 

MF++(X) = {M G MF(A) : Mt > 0 Vt < (}• 

The following lemma follows from (1C.II) . 

Lemma 2.1. Let T G A4t n{t < Q for some t >0. Then P“(F) — 0 if and only if 
P|’(F) = 0 for any x G E. 

Then the following lemma follows directly from the perfect exact regularization 
outlined in (55.19) and (35.10) of [55] . 


Lemma 2.2. For multiplicative functionals, it holds that 


MF{X) = MF{X^) 
MF+{X) = MF+{X^); 
MF++{X) = MF++{X^). 


Moreover A G AF{X, M) if and only if A G AF{X^, M). 


Let A G AF{X,M) = AF(X^M) and ^ G Exc'^ with some constant /3 > 0. 
Define the bivariate potential (W)()q>o of A relative to X by 

nOC 

( 2 . 1 ) U2F{x):=E^ e-‘^*E{Xt-,Xt)dAt 

Jo 

for any E G b{B x S)+. Since f is /3-excessive the mapping 

1 

(2.2) t^-e-^*E^ E{Xt-,Xt)dAt 

t Jo 

is increasing as t decreases. In particular 

{E*A)t:= [ EiXs-,Xs)dAs, t>0 
Jo 

is an additive functional relative to the MF M, i.e. F * A G AF(M). Denote the 
limitation of (15:5]) when 11 0 by La{F). Then clearly 


La{F) = lim \e-f^^E^ [ F{Xt-,Xt)dAt = lim ^E^ [ E{Xt-,Xt)dAt 
‘^0 t ' t^ot Jo ^ 


and moreover 


(2.3) 


La{E) = lim afU^E. 

cx—^co 
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Hence there exists the celebrated bivariate Revuz measure, denoted by of A on 
E X E with respect to ^ such that 

(2.4) La{E) = J F{x,y)u^{dxdy). 

Note that if A is PCAF, is concentrated on the diagonal d and 

1 

4(F) = lim/ FD{Xt)dAt 

t-S-O t Jq 

for any positive F where Fo{x) := F{x,x) for any x G E. In other words, 

4(F) = 4 (F^) 

where is the classical Revuz measure of a PCAF A with respect to Similarly 
let be the bivariate potential of A with respect to . Then for any F G hBxB+ 
it follows that 

poo 

= P! / ^-^^F{Xt_,Xt)dAt 
Jo 

poo poo 

= E- [(/ e-“‘F(X,_,Xt)dAOofc,]d(-e-^^) 

Jo Jo 

poo ps 

= FM (/ e-^*F{Xt-,Xt)dAt)d{-e-^^) 

Jo Jo 

poo poo 

= FM e-‘^^F{Xt_,Xt)dAt d{-e-^^) 

Jo Jt 

= Ul+^F{x). 

Therefore from (I2.3|) . (12.411 we can deduce the following proposition. 

Proposition 2.3. Assume M G MF{X) or MF{X^) and A G AF{X,M) or 
AF{X^, M). Let ^ G Exc°‘{X) C Exc°‘{X^) and bivariate Revuz mea¬ 

sures of A relative to X and X^ respectively. Then 4 = A- 

Without loss of generality we could always assume that the following transient 
assumption holds when discussing the Revuz measures or bivariate Revuz measures 
relative to X and the (Q!-)excessive measure f. 

Hypothesis 2.4 (Transience). There is a strictly positive function g G bB such 
that Ug is everywhere finite where U is the potential kernal of X. 

Since X is transient it follows from [1] or Theorem 3.3.6 of [18] that there exist 
a q.e. strictly positive q.c. coexcessive function g G Eg and an m-standard Markov 
process X such that X and X are in weak duality relative to g ■ m. Clearly m := 
g ■ m G Exc and it is equivalent to m since g is strictly positive. Thus a property 
holds F™-a.s if and only if it holds F"*-a.s. Moreover since every semipolar set is 
m-polar (equivalently, m-polar) we have the following lemma. 


Lemma 2.5. Any M G MF+ has a decomposition 

(2.5) Mt^ Yl {l-^X,-,X,))exp{- [ a(X,)dAJl[o,j3)(t) 


0<s<t 
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where ^ G B x B,0 < ^ < 1 , vanishes on the diagonal d of Ex E, a G B+, A is a 
continuous additive functional of X, B is a Borel subset of E x E which is disjoint 
from d and Sm = Jb '■= inf{i > 0 : {Xt-,Xt) G B}. 

Proof. Since X is in weak duality to X relative to m and every semipolar set is 
TO-polar it follows from Theorem 2.2 of [55] (also see Theorem 7.1 of [55]) that (12.511 
holds P^-a.s. Hence it also holds in the sense of P™-a.s. □ 


Corollary 2.6. If M G MF+ has the decomposition (Em, then the Stieltjes loga¬ 
rithm of M, denoted by [M], is 


( 2 . 6 ) 


[M]t = ^ci>(X«_,X,)l{,<s„| + 

S<t 





3. Bivariate Revuz measure 

Throughout this section let X he a. right Markov process on U {A} such that 
Hypothesis 11.11 [T51 11.31 and 12.41 hold and its associated semi-Dirichlet form {£,E) 
on L‘^[E,m) is quasi-regular. 

3.1. Existence and uniqueness. Fix a multiplicative functional M G MF. First 
we have the following definition. 

Definition 3.1. An additive functional A G AF(M) is said to be integrable if 
i^™(l) < oo and a-integrable if we can write E x E = Ei G B x B such that 

r'™(lFi) < 00 for each i. 

The following theorem is our main result about the existence of the bivariate 
Revuz measure of A e AF(M) relative to m. Note that F{x,y) := 0 if either 
X = A 01 y = A. 

Theorem 3.2. Let M G MF and A G AF{M). Then there exists a unique positive 
measure va on E x E charging no m-bipolar sets such that 

[ E{x,y)h{x)iyA{dxdy) = \im]-E~^"^ [ F{Xs-,Xs)dAs 

( 3 . 1 ) J ^ do 

= lim a{h,UAE)m 

ol'\oo 

for any strictly positive "f-coexcessive function h with some constant 7 > 0 and 
F G {B X B)a- where h is the q.c. m-version of h defined in Remark \B.A In 
particular A is a-integrable if and only if va is a-finite. When A is a-integrable, 
(EU) holds for any j-coexcessive function h with some constant 7 > 0 which is not 
necessarily strictly positive. 

Proof. Fix a 7 -coexcessive function h with some constant 7 > 0. Without loss of 
generality we assume that h is quasi-continuous. Then clearly h-m is a 7 -excessive 
measure relative to A. It follows that (see H.l of [19] or m) the mapping 

[ F{X,_,Xs)dAs 
i Jo 

is increasing as i 0 and the mapping 
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is increasing as a —>■ oo. Moreover their limitations are equal (may be infinite) and 
we can deduce that 

lim-i;'^'™ / F{X,_,X,)dAs 

40 t Jo ^ 

= limie-T'*£;^”^ / F{Xs-,Xs)dAs 
t Jq 

= lim F)m 

a—>oo 

= lim a{h,U'XF)m- 

a—^■oo 

Hence the second equality in (13.11) holds. To prove the first equality of (13.11) we 
first assume that h is q.e. strictly positive. For any F £ {B x B)+, define 


(3.2) 


L{F) := lim a(/i,W“+^(F//i))™. 


Note that F/h is q.e. positive. Since the value in the right side of (13.2p is increasing 
as a t oo, it follows from the monotone convergence theorem that 

OO OO 

l{J2f-) = J2l{f-) 


for any F"^ £ {B x H)+, n > 1. Obviously L(0) = 0. Therefore there exists a 
positive measure denoted by on if x if such that 


(3.3) 


L{F) = J F{x,y)vA{dxdy). 


Replacing F by F(x,y)h{x) in (j3.3l) we can deduce that 

[ F{x,y)h{x)vAidxdy) = lim {F))m- 

J ct—^oo 

We claim that va is independent of the choice of h. In fact let hi,h 2 be two 
7 -coexcessive q.e. strictly positive functions in Fe and v\,v\ the corresponding 
measures satisfying Note that hi should be 7 i-coexcessive for i = 1,2 with 

two constants 71,72 such that 71 < 72 . But it follows that hi is also 72 -coexcessive. 
Hence hi,h 2 are both 7 -coexcessive for 7 = 72 . Take F £ b{B x B)+ and without 
loss of generality we can assume that 

J F{x,y)h 2 {x)v\{dxdy) < 00 . 


Otherwise (lT4l) always holds. Then for any t > 0 it follows that 


Eh,-m / F{Xs-,Xs)dAs < t / F{x,y)h 2 {xyA{dxdy) < 00 


and hence 


ft{x) := f F{Xs-,Xs)dAs < 00 m-a.e. x. 
Jo 
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On the other hand, 

f e-'>\F-h2/hi){Xs-,Xs)dA, 

Jo 

f e-^\h 2 /hi){Xs-)d{F * A), 

Jo 

n 

hm Ve-'^'=‘^"(A 2 Ai)(X(fc_i)dJ((F*A)fcd„-(F*A)(fc_i)dJ 

n—>-oo ^ 
fc=l 

where dn = t/n. It follows from Fatou Lemma and the Markov property of X that 
Eh,-m j ■h2/hi)(X,_,Xs)dAs 

Jo 

n —1 ^ 

< lim inf V -[e-'^“” ^ {X^a^ ){{F * A)- {E * A ))] 

n^oo h-, 

k=0 "-1 

n — 1 ? 

= lim inf V [e-'^“" ^ {X^d ^) (Mkd^ (F * A)d^ o Okd ^)] 

n^oo ^ 


n — 1 


<limmf 

n—^oo • ^ 


m [ —^kd-n 


{h2/hl){Xkdr^){{F * A)d^ O 9kdr^)] 


k^O 
n — 1 


= lim inf V E'^^ [e-'>''=‘^" (/12/ ) (Xkd^ (F * A)d„]. 

n —^rvY ' ^ 


k=0 


Define 


_1 


1 


Fj ■■= {/d„ < j} n {- < ft-i < j} n{- <h2< j}. 


J J 

Clearly Dj t E m-a.e. as j —>■ 00 and {fd„ • ^2/^1) • loj G bL'^{E,m). Since hi is 
7-coexcessive it follows that 

E^^-^[e-^'^‘^-{h2/hi){XkdjE^’^^^ {F * A)dJ 

- [e-7fcdn h2/hi) {Xud „)] 

= lim E^^-^[e-'^^'^-{fdM/hi ■ lD,)(^fedJ] 

j^OO 

= lim ie-'^'^‘‘-hi,PkdAfdM/hi ■ lD,))m 

j^OO 

= lim {e-'^'^‘‘-hi,TkdMd^h2/hi ■ Id^U 

j^OO 

= lim {e~'*^'^’^fkd„hi, fd„h2/hi ■ Id,)™ 

j^OO 

— f drJ^2 /hi) rti 

=E^^-^{F * A)d„. 


Thus we have 


^/u-m / Q-i\F-h^/hi){Xs-,Xs)dAs<\ixaminE^'^”^{F*A)d„ 


= t lim inf —E^^-'^{F * A) d„. 

n—>00 dn 



FEYNMAN-KAC FORMULA ON SEMI-DIRICHLET FORMS 


9 


In other words, 

}_Ehm r e-'rt^F-h2/hi){Xs-,Xs)dAs < 
t Jq s^o S 

Let 110 and we can deduce that 

(3.4) J F{x,y)h2{x)iy\{dxdy) < j F[x,y)h2{x)v\{dxdy). 

Similarly we conclude that 

J F{x,y)h2{x)v\{dxdy) < J F{x,y)h2{x)iy\{dxdy). 

Since F is arbitrary, we have h2(x)v\(dxdy) = h2(x)v\(dxdy) and it follows that 

v\ = v\. 

In particular the measure g{x)vA(dxdy) = u™ charges no m-bipolar sets. Then va 
also charges no m-bipolar sets because g is strictly positive. The uniqueness of va 
which satisfies m is apparent. 

Note that a positive measure is cr-finite if and only if there exists a strictly 
positive and integrable function relative to this measure. Thus if A is cr-integrable 
there exists a strictly positive function F such that 

u^(F) < oo. 

On the other hand since 

J g{x)F{x,y)vA{dxdy) = VAi^) 

and g is also strictly positive we can deduce that va is cr-finite. On the contrary 
we can similarly prove that if va is a-finite then A is cr-integrable. 

Finally if A is ct- integrable we assert that (I33D holds for any 7 -coexcessive func¬ 
tion h which is not necessarily strictly positive. To this end define = h + eg and 
clearly he is 7 -coexcessive and strictly positive. Choose some function F € {Bx B)+ 
such that Va{F) = f F{x,y)g{x)vA{dxdy) < 00 . Since (13.1|) holds for he it follows 
that 

J F{x,y){h{x) + eg{x))vA{dxdy) 

= lim a{h + eg,UAF)m 

OL—yOO 

= lim a{h,UAF)jn + e lim a{g,UAP)m- 

OL^oo a—)-oo 

Let e I 0 we can deduce that 


y F{x,y)h{x)vA{dxdy) = lim a{h,UAF)r 

OL—^OQ 

That completes the proof. 


□ 


Definition 3.3. Let M G MF and A G AF(M). A positive measure va ow F x F 
is called the bivariate Revuz measure of A if en) holds for any strictly positive 
7 -coexcessive function /i, 7 > 0 and F G {B x B)+. 

We always denote the bivariate Revuz measure of Ahy va- When A is integrable, 
i.e. g-VA{l) = ^^( 1 ) < 00 , we do not have u^(l) < 00 whereas va is always cr-finite 
by Theorem 13.21 Moreover we have the following useful corollary. 
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Corollary 3.4. Let A € AF{M) be a-integrable and F € {B x B)+. Then the 
additive functional 

{F*A)t= [ F{Xs-,Xs)dAs, t>0 
Jo 

is a-integrable and vf*a = F ■ ua- 

Proof. Since A is cr-integrable we can write E x E = where Eli € B x B 

such that < 00 for each i. Let := Hi (1 {F < i) for each i. Then 

E X E = and we have 

i^F,A(lrJ = lim Ie'^ [ Ir, • F{Xs-,Xs)dAs 
t^O t Jq 

1 - r* 

<i\im-E^ lH,iX,_,Xs)dAs 

t^O t Jq 

< oo. 


Hence F * H is tr-integrable. The second assertion is apparent. □ 

We can also extend Theorem A.8 of m to the bivariate Revuz measures. Note 
that in the following proposition M = 1. 

Proposition 3.5. Let A G AF be a-integrable and va its bivariate Revuz measure. 
Then 

(3.5) {hMAF)m = J Gah{x)F{x,y)vA{dxdy) 

for any h G Lf{E^ m) fl H+, F G {B x H)+ and a > 0. The following formula also 
holds 

(3.6) E^-^ [ F{Xs-,X,)dAs = 

Jo 

where {F ■ v a, Tgh) = f Tsh(x)F(x,y)vA(dxdy). 

Proof. We only need to prove (13.51) . In fact since Gag is a-coexcessive it follows 
from dSB that 


/ 

do 


{F ■ VA,Tsh)ds 


/ Gah{x)F{x,y)vA{dxdy) = lim n{Gah,L('^'^^F)m 

J n—)-oo 

= lim nih, GaUl+^FU 

n—)-oo 

= lim {h,U%F -Uf+°‘F)„ 

n—)-oo 

= {h,U2F)m. 

The third equality is because of the formula (see Proposition 3.4 of 

U^F - Ul+‘^F = nGaUl+'^F. 


That completes the proof. 


□ 


The uniqueness of the correspondence of the additive functionals and bivariate 
Revuz measures is as follows. 
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Proposition 3.6 (Uniqueness). Let A^,A‘^ G AF he a-integrable. Then A^ and 
A^ are m-equivalent if and only if their bivariate Revuz measures are equal, i.e. 

■ 

Proof. Note that if and only if u™! = g ■ = g ■ = 1 /^ 2 - The 

uniqueness is obvious by Proposition 6.2 of [2^. □ 

Remark 3.7. Note that from Theorem 13.21 we can deduce that the function g in 
the definition of the cr-integrable additive functionals can be replaced by any other 
strictly positive a-coexcessive function for any a > 0. 

Since A does not charge [Sm, 00) it follows that va is supported on Em x Em- 
If M S MF_|_ then Em = E and 

Sm = Jb ■-= inf{t > 0 : {Xt-,Xt) G B} 

where S is a Borel subset otExE and disjoint from the diagonal d (see Lemma [2751) . 
Hence va is supported on Generally any A G AF(M) can be decomposed by 

A = + A" + A® 


where A'^ G PCAF(M), A" is a pure jump natural AF of (X, M) and A'^ is a pure- 
jump AF of (X, M) which is quasi-left-continuous (q.l.c.) in the sense that every 
discontinuity of the mapping t 1 —>■ A® is also a discontinuity of t M- Note that 
under the sector condition every natural AF is continuous a.s. and hence we can 
write A = A*^ -I- A^ where A"^ = A'^ -|- A" is continuous. In particular the continuous 
part A° of A is cr-integrable and its bivariate Revuz measure v^c is supported on the 
diagonal d. On the other hand under some appropriate conditions (see Theorem 5.1 
of [22]) the pure-jump part A'^ of A is equivalent to an AF 

Ct=J2^i^s-,X.,)Ms, t>0 

S>t 

where T G (S x B)+ is a function carried by Em x Em, finite everywhere and 
vanishes on d. In particular under the same conditions A'^ is cr-integrable and thus 
A is also cr-integrable. 

Proposition 3.8 (Proposition 5.6, [H]). Assume that the resolvent U{x,dy) of X 
is absolutely continuous with respect to m{dy) for m-a.e. x. If A G AF{M) and 
At = Asf^- for any t > Sm, then A is a-integrable. 

3.2. Left and right Revuz measures. Let A G AF(M) and h a 7 -coexcessive 
function for some constant 7 > 0. We can define the left Revuz measure and 
right Revuz measure of A relative to h ■ mhy 

(3.7) \\^{f) :=t lim f /(X,_)dA, 

tio t Jq 

and 

(3.8) pi-™(/) :=t hm ™ f f{X.,)dA, 

*4,0 t Jq 

for any / G S+. The left Revuz measure is also called the Revuz measure in 
abbreviation. Note that we need to assume that X(;- exists in (13.71) if A charges f. 
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Similarly to Theorem 13.2l we can deduce that if is tr-finite then there exists a 
cr-finite measure on E charging no m-polar sets such that 

(3.9) Ai™(/) = A^(^./) 

for any y-coexcessive q.c. function h, ^ > 0 and f G B+. We call Aa the Revuz 
Measure of A relative to m. We also define the left and right marginal measures 
and of va on E by 

i'aU) ■='^Aif pK/) := pa(1®/) 

for any / S B+. Here (/ ® l){x,y) := ® f ){x,y) := f{y) for any x,y G E. 

Clearly v\ and v\ charge no m-polar sets and it follows from dan and (I3J1) that 

\A{h ■ f) = ® 1) = nAifh ® 1) = ■ /). 

Hence we have the following proposition. 

Proposition 3.9. Aa = ^^a- 

However we cannot obtain similar results about the right 
PA = v\). To see this let h and / be above and assume that 
i.e. A(^ — = 0. Then we have 

Pi'™(/) =t lim f fiX,)dAs 

14.0 t Jq 

= VA(h O /) 

+ ^Aih-f). 

However on the other hand if A is continuous then apparently 

(3.10) Aa = pA = pi- 

In particular the Revuz measure and right Revuz measure of A are the same. 
Moreover if H is a PCAF of X then the measure in (I3.10|) is exactly the smooth 
measure corresponding to A introduced in Appendix IBl 


Revuz measures (i.e. 
A does not charge 4, 


3.3. Examples. In this section we assume that M G MF+ has the decomposition 
(1^ in Lemma [2.51 i.e. 


Mt= n - ^(^.-,^s))exp{- 

0<s<i 


a{Xs)dAs}lio^js){t) 


with some functions a, PCAF A and a subset B oi E x E. We shall compute the 
bivariate Revuz measures of some typical AFs and the primary tool is Levy system. 
Levy system is used to characterize the discontinuous part of the Markov process. 
It is a pair (iV, H) for X where iV is a kernel on {E, B) such that N{x, {a:}) = 0 for 
any x G E and iL is a PCAF of X such that the 1-potential of H is bounded and 
for any F G {B x B)+, any predictable process Y and x G E, 


E^ Y,F{X,_,X,)=E^ 

0<s<t 


YMH, 


(3.11) 


0 


FiXs,y)N{Xs,dy). 
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Let fiH be the corresponding smooth measure, i.e. Revuz measure, of the PCAF 
H and define 

(3.12) v{dxdy) := N(x,dy)fj,Hidx). 

The measure v is called the canonical measure of X. Clearly u is a u-finite measure 
supported on E x E\d and charges no m-bipolar sets. It follows from (13.1111 and 
dm that for any F G {B x S)+ and y-coexcessive function h with some constant 
7 > 0, 

[ F{x, y)h{x)y{dxdy) = lim \e^-^ ^ F(A,_, A,). 

J 40 t 

Let = {X, M) be the subprocess of X killed by M. By Theorem 3.4 of [5B] 
the Levy system of X^ is {Nq, H) where Nq is given by 

Noix,dy) = (1b- - 1b- • ^)ix,y)N{x,dy). 

Moreover the canonical measure of is 

(3.13) {dxdy) = (1b- — Is- ■ ^){x,y)v{dxdy). 

Note that M := 1 — M is an AF of {X,M) and Stieltjes logarithm [M] is an AF 
of {X,Sm)- Similarly to [55] and the proof of Theorem 13.21 we can deduce the 
following characterizations for and ly^M] ■ 

Proposition 3.10. Assume that M G MF^ has the decomposition (12.Sp . Then its 
Stieltjes logarithm [M] is a-integrable and the bivariate Revuz measure of [M] is 

(3.14) V[M]idxdy) = lB-(a;, 2 /) • ^{x,y) ■ v{dxdy) + 5y{dx)a(ii)yA{dy) 

where v is the canonical measure of X defined by (13.121) . Sy is the point mass of {y} 
and fiA is the smooth measure associated with PCAF A. In particular if M G MFa+ 
then 

(3.15) V[M]idxdy) = $(x,y) • u{dxdy) F 5y{dx)a{y)pA{dy). 

Proposition 3.11. Under the same conditions as in Provosition AS. 1 dl the additive 
functional M is a-integrable and its bivariate Revu measure is 

(3.16) u^idxdy) = (1b + 1b- • 4’)(a;, y)v{dxdy) + 5y{dx)a{y)y.A{dy). 

In particular if Mt = Ip^g^^p i.e. $ = 0,a = 0, then the bivariate Revuz measure 

of (l{t<SM})t>o 

(3.17) vsMidxdy) = lB{x,y)v{dxdy). 

Since B is disjoint to the diagonal d of A x A it follows from (13.131) . (13.141) . p.l6l) 
and (13.171) that 

(3.18) Vm = V[M] + vsm 
and 

V + lBxE\d ■ I'm = 

If in addition M G MF++ then 

(3.19) = 

In fact (|3.18l) still holds even if M is only in MF. 

Proposition 3.12. If M G MF then = v^m\ + l'Sm- 
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Proof. It follows from Theorem 4.17(11) of [26] that + v^Sm ' Thus by 

Theorem 13.21 we may conclude that = V[m] + vsm ■ ^ 

4. Feynman-Kac formula 

Throughout this section let X be a right Markov process satisfying Hypoth¬ 
esis o o and fOl whose associated seml-Dlrlchlet form on Lf{E^m) Is 

quasi-regular. When necessarily, we may always take Its quasi-continuous version 
for any function In J-. Further fix M S MF. Then as outlined In Appendix ICl we 
use or {X,M) to denote the subprocess of X killed by M. Clearly X^ Is a 
right Markov process. In fact If X satisfies Hypothesis 11.11 then the subprocess X^ 
also satisfies Hvpothesls ll.il 

Lemma 4.1. Let X he above, M £ MF, Em the set of all the permanent points of 
M and m* := m\EM- Denote the semigroup of the subprocess {X,M) by {Qt)t>Q- 
Then {Qt)t>o can be extended to a strongly continuous contraction semigroup on 
L‘^{EM,m*) := {u € L'^{E,m) : u\ei^ = 0}. 

Proof. Note that L‘^{EM,rn*) = pL‘^{EM,'ni*) — pL^{Em, rn*) C L‘^{E,m). For 
any / £ pL'^{Em, m*) C Lf{E, m) and x £ Em we have 

Qtfix) = E-{f{Xt)Mt) < E^ifiXt)) = Ptfix) £ L^E,m). 

Clearly Qtf{x) = 0 for any x £ Em. Hence Qtf £ Lf{EM,'rn*). Moreover the 
semigroup property of {Qt)t>o, be. QtQs = Qt+s for any t,s > 0, Is apparent. For 
any / £ L‘^{Em, m*) and x £ Em It follows that 

\Qtfix)\ = \E^ifiXt)Mt)\ < E^mXt)) = Ptlflix) 

and hence 

J \Qtf{x)\^rn*{dx) < j {Pt\f\{x)fm*{dx) < \\f\\l2(EM,m-)- 

This Is the contraction property of {Qt)t>o- At last we claim that {Qt)t>o Is strongly 
continuous on L'^{EM,rn*). Since (Qt) Is contractive on L‘^{E,m) we only need to 
prove the strongly continuous property of {Qt)t>o on a dense subset of L\{E,m) 
with respect to L^-norm. Set 

C-.= {U^f -. f &hLl{E,m)} 

where C/^ Is the 1-potentlal of X. Clearly C Is dense In L/^{E, m) with respect to L^- 
norm. Choose an f-nest {En} such that m{En) < oo for any n > 1, which may be 
constructed by a q.e. strictly positive and q.c function g G E, say Fn := {g > -}. 
For any u = U^f gC C E define 

Un ■= U — Pp^XL G E 

where Pfc Is the balayage operator and It follows that 

Un{x) = f e~^f{Xt)dt, X G E, 

Jo 

where Tpc Is the hitting time of Ff. Clearly Is quasl-contlnuous, Wn|_F= = 0, 
Unfu m-a.e. and hence —)• m In L‘^{E,m). But u Is bounded and m{Fn) < oo. 
Thus we can deduce that £ bL^{E,m) and 

\QtUn{x) ■ Un{x)\ < ||m||oo ’ Un G {E, m). 


FEYNMAN-KAC FORMULA ON SEMI-DIRICHLET FORMS 


15 


Since Un[X.) is right continuous it follows that for any x S Em, 

\\mQtUn{x) = VaME'"{un{Xt)Mt) = lim(u„(Xt)Mt) = ■u„(x). 
tio 40 tto 

By the dominated convergence theorem and the contraction property of the semi¬ 
group {Qt)t>o we have 


lim 

tiO 


J {QtUn{x) - Un{x))'^m*{dx) 

= lim / [{QtUnix))'^ + (unix))'^ - 2QtUn{x) ■ Un{x)\m*{dx) 

J 

<lim / [2{un{x)Y - 2QtUn{x) ■ u„{x)\'m*{dx) 

J 

= / lim[2(M„(a;))^ - 2QtUn{x) ■ Un{x)\'m*{dx) 

J 


= 0 . 


Since —>■ u in L^{E, m) it follows from the contraction property of {Qt)t>o again 
that Qtu —> u in L^{E, m) as n —>■ 00 . □ 

Similarly we can prove that if X satisfies Hypothesis 1 1. 31 so does X^. 

Lemma 4.2. If X satisfies Hvvothesis M.Sl i.e. (11.11) holds, and M G ME then the 
subprocess X^ also satisfies Hwo thesis \l.tA 

Proof. Note that the killing transform by M can be completed in two steps: killing 
X by a hitting time Tgo hrstly and killing then by a multiplicative functional in 
MF_|_. The first step has been discussed in Theorem 5.10 of [ 6 ]. Hence we only need 
to prove it for M G MF_|_. To this end let {Kn '■ n > 1} be a sequence of subsets 
of E satisfying Hypothesis 11.31 for X. We can write X^ = {Vt,M.,M.t,Xt,0t,Q^) 
where is defined by (1C. II) . Clearly for any t > 0 we have 

{w e H : lim TE\K,,{ktLo) < Ciheo)} C {uj G ft : lim TE\K„iui) < C(w)} 

where kt is the killing operator on ft. Therefore it follows that 

poo 

lim Te\k,, <0=E^ ( lim Te\k^ < C) o ktd{-Mt) 

n—¥oo Jq n—^oo 

pOO 

<E^ ( lim Te\k,, < Od{-Mt) 

Jq n—¥oc 

= hm Te\k,, < C) 

n—>oo 

= 0 . 


That completes the proof. 


□ 


In the rest of this section we shall discuss the sector condition. It will be outlined 
that under some mild condition, say (lifol) . X^ still satisfies the sector condition and 
this condition is verified in Example 14.91 for the typical pure-jump semi-Dirichlet 
forms and in Example l4.12l for the multidimensional diffusion processes with jumps. 
In particular it is possible to characterize the associated semi-Dirichlet form of X^. 

First we assume that M G MF++. Then Em = E,m* = m and M satisfies 
(12.51) . Moreover it follows from (13.151) and (13.191) that 

VMidxdy) = V[M]{dxdy) = ^{x,y) ■ v{dxdy) + 5y{dx)a{y)y,A{dy). 
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Recall that {Pt)t>o, {U^)q>o (resp. {Qt)t>o, (R“)a>o) are the semigroup and resol¬ 
vent of X (resp. X^). Since M £ MF_|_+ we have 

(4.1) = + 

(4-2) 

for any f > 0,p,q > 0 where 

pOO 

U^M]y''f{x) := E- / e-‘>*V‘>f{Xt)d[M]t, x £ E. 

'J 0 

The following lemma is an extension of Lemma 3.7 of [26] but the idea of proof is 
different. 


Lemma 4.3. It holds that 


V^{pL^{E,m)) C E 
and for any u £ E,g £ pL'^{E,m), 

( 4 . 3 ) (it,5)m = £a{u,V°‘g) + viM]{u<^V°‘g) 

where u ® V°‘g{x, y) := u{x)V°‘g{y) for any x,y £ E. 


Proof. Let / £ pL^{E,m) and we claim that w = f £ E. In fact it follows from 
631) and 631) that 

l3{w,w-pU^^^w)m 

=fi{w, U^f- UlM]V^f - fiU^+\U^f - UlM]V^f))m 
=l3{w, U^f- - PU^+\U^f - t/['M]4"V))™ 

=/3{w, U^f - pU^+^U^f + pU^+^Ulj^^V^f - C/fM]l^V)m 

=/3{w,U^+^f-U^+^W^f)m 
<l3{w,U^+^f)m 
<lkllL2 • ||/||l2 . 


Hence lim/j^oo P{w, w — pU^~^^w)m < oo, in other words, w £ E. Similarly we can 
deduce that 14“/ = U°'f — U^^V°‘f G E whereas U°'f G E. Thus £ E. 

Since [M] has a decomposition (12.61) with Sm = C it follows that 


U^M]V'^f{x) 

=E^ ^ e-“*y“/(X,)$(X«_, X,) + E^ 

s<t 



e-‘^^V‘^f{Xs)a{Xs)dAs 


=E- e-“*F“/(X,)$(X,_, X,) + U^iV^f ■ a)ix). 

S<t 


Clearly U'^{V°‘f ■ a) is a-excessive. Then from the fact 

1 /^( 1 "“/• a) < e ^ 

and Theorem 2.16 of [Hj we obtain that U‘^{V°‘f - a) £ E. It follows from 
Lemma rB.il that for any u £ E, 


(4.4) £a{u, U2{V^f ■ a)) = pA{d ■ R“/ • a) 
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where is the smooth measure associated with A. On the other hand it follows 
from (j3.11ll that 

s<t 

= E^J ■V°^f){X,)dHs 

= U^{N{<^>-V‘^f)) 

where (<& • V°'f){x,y) := ^{x,y)V°‘f{y) for x,y & E. Similarly we have U^{N{^ ■ 
V"“/)) e E and 


(4.5) 


£^{u, Uf^{N{<i> ■ V^f))) = fiH{u ■ N{<i> ■ V^f)) 

= J u{x)V°‘f{y)<^{x,y)iy{dxdy). 

Thus it follows from (I4.1I1 . (j4.4ll and (j4.5l) that 


{u,f)m = £a{u,U°‘f) 

= £a{u, V°'f) + fiA{u ■ f ■ a) + J u{x)v°‘f{y)<^{x,y)iy{dxdy) 

= £:„(u,y“/) + U[M](u®V^“/). 

That completes the proof. □ 

Our main results on the sector condition related to are as follows. Note 
that the lower bounded semi-Dirichlet forms are introduced in Appendix El 

Theorem 4.4. Let X be a right Markov process satisfying Hypothesis \l.ll \1.S\ 
and 0.51 {£,E) its associated semi-Dirichlet form on L^{E,m) and M G MF+^. 
Assume that there exist two eonstants c > ^ and Aq > 0 such that 

( 4 . 6 ) £xa{u,u) >cj{u{x) - u{y) fiy[M]{dxdy) 

for any u £ E. Then the subprocess X^ = {X,M) of X satisfies the sector 
condition and its associated semi-Dirichlet form {£^,E^^) are 

E^ — E r\ {E, uj'^] + ), 

£^{u,v) = £{u,v)-\-<Si v) u,v€E^ 


(4.7) 


where and are the left and right marginal measures of iy[M] ■ In particular 
{£^ ,E^) is quasi-regular and X^ is properly associated with it. 

Proof. First we assert that under the condition (14.61) it holds that 

V\L‘^{E,m)) C E^. 

For any A > Aq and g € pL^{E,m) it follows from Lemma [4.31 that u := V^g € E. 
On the other hand clearly n(x)^ +u(y)^ > ^{u{x) — u{y))‘^. Then if c < ^ it follows 
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from gH) that 

(m, g)m =£\{U, U) + P[M] {u 0 It) 

=£x{u,u) - ^ jiu{x) - u{y)fiy[M]{dxdy) 

+ \ J ('“(^)^ + u{y f)’^lM]{dxdy) 

=£x{u,u) - ^ jiu{x) - u{y)fiy[M]{dxdy) 

+ (^(1 - 2c) + (2c - ^)^ J{u{x)'^ + u(y)^)p[M] {dxdy). 

Hence we have 

{u, g)m > £x{u, ^ y - u{y))'^i'[M] (dxdy) 

+ {\-c) Jiu{x) - u{y) fiy[M]{dxdy)) 

+ (2c - y y (“(a;)^ + u{y f)iy[M]{dxdy) 

= £x(u,u)-c y {uiyx) - u(]j)f'V[M]{dxdy) 

+ (2c-y J {u{xy + u{yf)iy[M]idxdy) 

> (2c- i) y {u{x)'^ + u{yf)ix[M]{dxdy). 

Similarly if c > ^ we can deduce that 

iu,g)m J + u{yf‘)'^[M]{dxdy) 

and thus 

(4.8) £x{u,u) > y2c- y A 0 y(^(a;)^ +u(y)2)l/[M](rfa;rfJ/)■ 

Note that (14.81) still holds for any u G . Moreover since {V^g,g)m < oo it 
follows that V^g G L‘^{E, and in particular 

V\L^iE,m)) = V^{L‘^iE,m)) C . 

Hence is dense in L‘^{E, m) and £^(u, u) >0 for any u G . 

Secondly we shall prove that {£^,E^) is a lower bounded closed form. Let 
A > Ao be a constant and {m„ : n > 1} C E^ an fjJ^-Cauchy sequence. It 
follows from (14.81) that the sequence {m„ : n > 1} (c J^) is also L?{E, + ppJ^^])- 

Cauchy. Thus there exists a function u G L^(if,Pj‘^j + such that Un ^ u 

in L'^{E^ In particular there exists a subsequence {wn*. : A: > 1} of 

{un : n > 1} such that Un^ —> u, + pp^^^j-a.e. Since 

k[M](c(8)c)| I {v{x))^{ly|J^f^{dx) + lyfj^^idx)) 


(4.9) 
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for any v e L^{E, it follows that V[M]{{un - Um) ® {un - Um)) -t 0 

and {un : n > 1} is fA-Cauchy. Therefore we can choose a u' & F such that 
£\{un — u',Un — uO 0 as n —>■ oo. In particular £\{un^ — u',Un^. — u') —>■ 0 
as k ^ oo. Then there exists a subsequence of {un^}, denoted by {ui}, such 
that ui —?> u' q.e. However charge no m-polar sets and hence ui —>■ 

u', + ly^j^^-a.e. It follows that u = u'. Moreover we can deduce that u G 

and £^{un — m, — u) —5> 0 as n —>■ oo. 

Now we claim that there exists a constant K\ > 0 such that 

(4.10) \£^{u,v)\ < Kx-£x(.u,u)^ 

for any u,v G F^. In fact it follows from (14.81) and (14.91) that 

{1 + ^)£^{u,u) > £^{u,u) + ^ J{u{xf + u{y f)iy[M](.dxdy) 

> £x{u,u) 

where c' = (2c — ^) A Since {£,F) satisfies the sector condition there exists a 
constant > 0 such that 

|fA(M,i;)| < KI ■ £\{u,u)^ ■ £\{v,v)^ 

<M-c"-fA""(u,«)^-£:A^(z;,z;)^ 

where c" = 1 + ^- By Cauchy-Schwarz inequality and (j4.8l) we obtain 
W[M]{uiSiv)\ < ( J u{xfviM]{dxdy))^ ■ ( J v{yfiy[M]{dxdy))^ 
<^£^{u,u)i-£^{v,v)F 

Then (I4.10|) holds with the parameter K\ := K\ ■ c" + ^. 

Since we have proved that {£^ ,F^) is a lower bounded closed form, there exists 
a unique strongly continuous resolvent {Ga)a>o such that 

£^iu, Gxf) = (w, f)m, uGF^Jg L\E, m), A > Aq. 

However from Lemma 14.31 we can see that 

£xiF V^f) = (u, f)m, uGF^,fGL^E,m),X>Xo. 

Hence G^j = H“/ for any a > 0, f G L'^{E,m). It follows from Lemma [4.11 and 
IA.4I that {£^,F^) is non-negative. 

Finally we only need to prove that {£^,F^) has the semi-Dirichlet property, 
or equivalently, for any / G L'^{E,Tn) such that 0 < / < 1 it follows that 0 < 
aV°‘f < 1 for any a > 0. This fact is apparent because (H“)a>o is the resolvent 
of . Hence we have already proved that {£^^,F^) is a semi-Dirichlet form. It 
follows from Lemma 14.II andthat satisfies HvDothesis ll.ll ITT^ and ll.31 In 
particular the semi-Dirichlet form {£^,F^) is quasi-regular and X^ is properly 
associated with □ 

Remark 4.5. (1) If M is continuous or X is continuous, i.e. 4) = 0, then M* = e”'^* 
where H* = a(Xs)dAs G PCAF and in particular (14.61) is satisfied. Let be 
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the corresponding smooth measure of A*. Then lyj^Mjidxdy) = Sx(dy)yA*(dx) and 
the associated semi-Dirichlet form ) of {X,M) is 

=xnL^E,fiA^), 

(m, v) = S{u, v)+ J u{x)v{x)yLA* {dx) u,v € . 

Hence ) is exactly the perburbed Dirichlet form of {£,X) by smooth 

measure ha* ■ This has been discussed in §4.3 of [TH] for the cases that the smooth 
measure is Radon. The general cases in the context of the semi-Dirichlet forms are 
similar to those of the non-symmetric Dirichlet forms, see IV§4(c) of (TS]. In iJS]we 
shall also make some characterizations to the smooth measures in perturbations. 

(2) If m is excessive, equivalently X has a dual Markov process relative to m or 

{£, J-) is a non-symmetric Dirichlet form on in), then £ has a Beurling-Deny 

type decomposition on the diagonal 

£{u,u) = £^‘^\u,u) +j{u{x) — u{y))‘^i'{dxdy) uGE, 

where the non-negative form is the continuous part of X and v is exactly the 
canonical measure of X. Hence the condition (j4.6ll is satisfied with the parameters 
Ao = 0, c = ^ because 0 < < 1. 

(3) For the general semi-Dirichlet forms Oshima also gives a decomposition (see 
Theorem 5.2.1 of m) for the regular semi-Dirichlet form: 

(4.11) £{u,v) = £^‘^\u,v) + £^^'^ {u,v) + J u{x)v{x)k{dx), 

where k is the killing measure of X and the non-local part £^^^ of the decomposition 
is given by: 

£^^'>{u,v) ■.=]- I {u{x) - u{y)){v{x) - v{y))v{dxdy) 

(4.12) 

~ 2 “ v{x))u{x){v{dxdy) - v{dydx)) 

for any u,v G E r\ Cc{E). Since the canonical measure of X^ is {dxdy) = 
(1 — ^{x,y))i'{dxdy), it holds that 

£^(u,v) =£^‘'\u,v) + i J {u{x) -u{y)){v{x) - v{y))v^{dxdy) 

- \ J (viy) - v{x))u(x)(v^ {dxdy) - {dydx)) 

+ J u{x)v{x){k + X){dx) 

where f is the semi-strongly local part in the decomposition of £, k is the killing 
measure of X and X{dx) = ^^^^^{dx) is the Revuz measure of [M] in (13.91) . Hence 
roughly speaking, the killing transform by M G MF(X) is essentially to multiply 
the canonical measure of X by 1 — $ and to add the (left) Revuz measure of [M] 
to its killing measure. 

Now let {£°‘°, E °‘°) be a quasi-regular lower bounded semi-Dirichlet form with 
the parameter oq > 0. It always has an associated Markov process denoted by 
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see §3.3 of [18] for the regular cases on a locally compact separable metric 
space. By the quasi-homeomorphism method appeared in [3] or [13] . the existence 
of X°‘° can be extended to quasi-regular cases on a Hausdorff topological space. 
Clearly the semigroup (P“”)t>o of does not satisfy Hvpothesis ll.il fif oq > 0) 
but (e““°‘P“°)t>o does. However in the proof of Theorem 14.41 we can find that 
all other properties are kept if we replace the non-negative property by the lower 
boundedness assumption. In other words, there is no essential difference between 
the non-negative semi-Dirichlet forms and lower bounded semi-Dirichlet forms when 
discussing the killing transforms. Thus we have the following theorem. It proof is 
similar to Theorem [4^ so we omit it. 


Theorem 4.6. Let [£°‘°be a lower bounded semi-Dirichlet form with the 
parameter ao > 0 on Lp'{E,m) and X°‘° its associated Markov process. Assume that 
the semigroup (P““)t>o of X°'° satisfies that Hvvothesis \l.l\. rOI and HOI hold for 
the semigroup Further let M £ MF_|__|_(X“°) and v^m] the bivariate 

Revuz measure of the Stieltjes logarithm [M]. If there exist two constants Aq > 
OO) c > j such that 

£\o{u,u) >cj{u{x) - u{y) fiz[M]{dxdy) 

for any u £ J-, then the subprocess := of X°^° satisfies the sector 

condition and its properly associated quasi-regular semi-Dirichlet form 
is lower bounded with the parameter ao and given by: 

v) = v) -\- V[M]{u ®v) U,V £ ^ 

where and ^he left and right marginal measures of V[m] ■ 

The following theorem is an extension of Theorem 14.41 to the general multiplica¬ 
tive functionals. The proof is similar to that of Theorem 4.1 of [2^ whereas it also 
needs some new techniques outlined in Theorem 13.21 to deal with the absence of 
weak duality assumption. We put its proof into Appendix |D| Similarly we can also 
obtain an extension of Theorem 14.61 to general multiplicative functionals and the 
main assumption (14.141) remains. Due to space limiations, we won’t go into details 
here. 


(4.13) 


Theorem 4.7. Let X be a right Markov process satisfying Hvvothesis M.A \1.2\ and 
(U and {£,X) its associated semi-Dirichlet form on L^{E,m). Fix M £ MF{X) 
and m* := Iem ‘ Assume that there exist two constants Aq > 0,c > q such that 


(4.14) 


£\o{u,u) >c {u{x) - u{y)f'VM{dxdy) 


for any u £ E where Ujg is the bivariate Revuz measure of M. Then the subprocess 
X^ = {X,M) on Em satisfies the sector condition and its properly associated 
quasi-regular semi-Dirichlet form on Lf{EM,rn*) is given by 


(4.15) 


= ^em l‘^{Em,em + Em)] 

£^ {u,v) = £{u,v)-\- em{uiSi v) u,v£E^, 
where Eem '■= {u £ E : u = Q q.e. on Em} is the restricted space of E on Em- 
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Note that every quasi-regular semi-Dirichlet form is quasi-homeomorphic to a 
regular Dirichlet space on a locally compact separable metric space. We shall 
discuss the condition (|4.14p in the context of regular semi-Dirichlet forms. Assume 
that E is such a metric space and m is a Radon measure on E. Recall that if (£", J-) 
is a regular semi-Dirichlet form on L^{E,m) with a core C and Assumption (J) in 
§5.2 of [18] holds, then has a Beurling-Deny type decomposition, i.e. (14.1111 

holds for any u,v € C. We refer the details to Theorem 5.2.1 of [18]. Let p be the 
canonical measure of the associated Hunt process X of {£, E). Assume further that 
the form 


(4.16) 


Q{u,v) 



u{y)){v{x) 


v{y))iy{dxdy), 


Eq := {u G L^{E,m) : Q{u,u) < oo} 


is a symmetric Dirichlet form on L^{E, m). For example, v is absolutely continuous 
with respect to m x m, i.e. 


(4.17) v{dxdy) = j(x,y)m{dx)m(dy) 

for some non-negative function j on E x E \ d, see Lemma 1.5.6 of [18] . 


Lemma 4.8. Assume that there exist two constants Aq > 0 and c > 1/4 such that 
for any u G C, 

(4.18) £\g{u,u) > cQ{u,u). 

Then for any M G MF, the condition (14.141) holds for any u G E with the same 
parameters Aq and c. 


Proof. Without loss of generality we may assume that M G MF+. Then it follows 
from Proposition 13. Ill that nj^\ExE\d < e. Thus we only need to prove that (14.181) 
holds for any u G E. To this end take a sequence {un ■ n > 1} C C such that 
£\o(un — u,Un — u) —>■ 0 as n — )• OO for some Aq large enough. In particular 
{un : n > 1} is fA^-Cauchy and hence also Qi-Cauchy. Since —>■ rt in L'^{E, m) 
we can deduce that u G Eq and Qi(un — u,— u) —5> 0 as n ^ oo. Clearly (14.181) 
holds for any u„. By letting n —>• oo we have (14.181) also holds for u. □ 


In the end of this section , we shall present two examples of typical semi-Dirichlet 
forms which are introduced by other researchers and try to illustrate that the con¬ 
dition (14.141) is not so awkward. In the first example it will be seen that the (lower 
bounded) jump-type semi-Dirichlet form under the assumption ()4.19|) always sat¬ 
isfies the condition (14.141) . In particular (14.191) is a typical sufficient condition to 
obtain the sector condition of jump-type semi-Dirichlet form, see [8], [18] and m- 


Example 4.9. Let be a tr-finite positive measure on E x E\d and assume that 
the family C]}^{E) of all Lipschitz continuous functions with compact support on 
A is a subspace of Eq where {Q,Eq) defined by ()4.16l) is a symmetric Dirichlet 
form on L'^{E,m). Moreover for any u,v G C^f^{E) define another form 

1 If 

£{u,v) := -Q{u,v) + 2 / ('^(*) “ v{y))u{y){v{dxdy) - v{dydx)). 

Suppose that the following assumption 


(4.19) 


{v{x) - v{y))u{y){ix{dxdy) - n{dydx)) 


< K\\u\\L 2 (E,m) ■ \JQ{v,v) 
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holds for some constant K which is independent otu,v G Then the domain 


of the form £ can be extended to some dense subspace T of L'^{E, m) and {£, E) is a 


lower bounded semi-Dirichlet form on LF‘{E, to). The typical examples of pure-jump 
type Markov processes which satisfy all the above conditions but not the duality 
assumption are the stable-like processes, i.e. E = v{dxdy) = j{x, y)dxdy where 


jix,y) := w{x)\x - y| 


and a(x) satisfy (5.1) and (5.2) of [8]. For more details, see [8], [21] and §1.5.2 

of [E]. 

Let X be the associated Hunt process of (f, E). Clearly v is exactly the canonical 
measure of X. We assert that {£,E) satisfies (I4.18P for any u G C^‘p(E). To this 
end fix a constant |; < c < Aq := K^/{8 — 16c) and let 



(4.20) 


for any u,v G C]}p{E). By (14.191) and Holder inequality we have 
£\o{u,u) 

= cQ{u, u) + c)Q{u, u) + Ao(u, u)m + -^A{u, u) 

> cQ{u,u) + (^ - c)Q{u,u) + Ao(u,w)m - ^K\\u\\L2(^E,m) ' \JQ{u,u) 

> cQ{u, u) 

for any u G CI'p(E). It follows from Lemma H751 that for any M G MF, (14.141) holds 
for any u G E with the above parameters Aq and c. In particular X^ satisfies 
the sector condition and its associated lower bounded semi-Dirichlet form can be 
obtained similarly to Theorem 14.71 

We use the same notation A as (|4.20p to denote the antisymmtric part of £^^'^ 
in the Beurling-Deny type decomposition (14.111) of {£,E). 

Proposition 4.10. Assume that (14.191) holds for any u,v gC with some constant 
K which is independent of u,v and there exist two constants ci,/I such that 0 < 
Cl < 1/4, /3 > 0 and 



(4.21) 


for any u G C. Then for any M G MF, the condition (14.141) holds for any u G E 
with the parameters c and Aq such that 1/4 < c < 1/2 — ci and Aq = K'^ j(8 — 16c — 
16ci) + /3. 

Proof. Fix two constants c and Aq as above. For any u G C we have 



It follows from (14.191) and (14.211) that £\g{u,u) > cQ{u,u) for any u G C. By 


Lemma 14.81 we can obtain the conclusion. 


□ 
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Note that the semi-local part, i.e. the first and third terms in the right side of 
(jd.llL is not necessarily non-negative or lower bounded. But clearly we have the 
following corollary of Proposition 14.101 

Corollary 4.11. Assume that (I4.19p holds for any u,v € C with some constant K 
which is independent ofu,v. If the semi-local part of {£,IF) is lower bounded, then 
the condition (j4.14p holds for any M S MF. 

The second example is taken from [25) in which the author characterizes the 
associated (lower bounded) semi-Dirichlet forms of multidimensional diffusion pro¬ 
cesses with jumps. These semi-Dirichlet forms satisfy the Beurling-Deny type de¬ 
composition. In the following example we will illustrate that any (lower bounded) 
semi-Dirichlet form outlined in satisfies the condition 1)4.14p for any M G MF. 
In particular its killing transform by any MF always keeps the sector condition. 

Example 4.12. The authors of [5S] considered the following second partial differ¬ 
ential operator with a non-local part: 

Cu{x) :=Ccu{x) Cju{x) 

H ^(a^J{x)-^)u{x)-J2b^(.x)-^uix)-c{x)u{x) 

i,j—l ^ N 3 / i—1 ^ 

+ lim i / (u{y) - u{x))k{x,y)dy, x e G, 

where Oij , hi and c are measurable functions defined on an open set G of for 
i,j = 1, 2, • • ■ ,d and k(x, y) is a measurable function defined on G x G \ {(x, x) : 
X G G}. Under some appropriate conditions its associated semi-Dirichlet form can 
be written as 

T]{u, v) = rf'^\u, v) rf^\u, v), 
for any u,v G Gg(G) where 

y(‘^\u,v) = I aij{x)-^{x)^{x)dx + J2 I Hx)v{x)^{x)dx 

i,j—l ^ ^ J i—1 ^ ^ 

/ u{x)v{x)c{x)dx, 

JG 

and the non-local part is similar to (I4.12p by replacing n with k(x,y)dxdy. 

For the uniformly elliptic case, i.e. (ay )i<ij<d satisfies the uniformly elliptic 
condition, under some other assumptions (say (D.1)-(D.3) and (J.l) (J.2) of [25]) 
the form ry can be extended from Cf{G) x Gy((G) to J" x to be a regular lower 
bounded semi-Dirichlet form [rj, F) on Lf(G), see Theorem 3.1 of [25]. In particular 
(I4.19P is satisfied for v = k{x,y)dxdy,u,v G G^{G) (see (2.11) of |8]) and the semi¬ 
local part is lower bounded, see the proof of Proposition 3.2 of [IS]. Thus it 
follows from Corollary 14.Ill that the condition (14.141) holds for any M G MF. 

For the degenerate case on G = R'^, i.e. (aij)i<ij<d is only non-negative definite, 
under some conditions y can also be extended from G;((R'^) x G 2 (R‘^) to x to 
be a regular lower bounded semi-Dirichlet form {r],F) on L^(R'^), see Theorem 4.1 
of Hi]. In particular (14.191) is also satisfied and there exists a constant /3 > 0 such 
that 

(u, u) + ^ J (u(x) - u{y)f k{x, y)dxdy + /3| |u| |^2 >0 
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for any u G C^(R'^), see the first inequality in the proof of Theorem 4.1 of [25]. 
From Proposition 14. 101 we can deduce that the condition (14.141) also holds for any 
M e MF. 

We refer more specific examples to §6 of [25] . 

5. Killing and subordination 

In this section we shall extend the results of EH, which states that killing trans¬ 
form in Markoc processes is equivalent to subordination in Dirichlet form, to the 
semi-Dirichlet forms. Since the idea of proof is essentially the same, we only state 
the results and omit the proofs here. 

Let X be a right process on E satisfying Hypothesis 11.11 fL^ and 11.31 and {£,E) 
its associated quasi-regular semi-Dirichlet form on L'^{E,m). Define a class of 
multiplicative functionals of X by 

(5.1) MF+ := {M G MF+ : M satisfies (Oill l. 

Note that if m is excessive, then MF)^ = MF+. For any M G MF)^ it follows from 
Theorem 14.41 that the subprocess also satisfies Hypothesis 11.11 [L2l and lOl and 

its properly associated quasi-regular semi-Dirichlet form can be given by (14.151) . 
Replacing the Dirichlet form with semi-Dirichlet form in Definition 3.1 of m , we 
can similarly define the subordination of semi-Dirichlet forms. Then we have the 
following two properties about the subordinations. Their proofs are completely the 
same as Lemma 3.2 and Corollary 3.3 of m- 

Lemma 5.1. (1): If {£^,E^) is subordinate to then there exists an 

constant C > 0 such that £l{u, u) < C ■ £i{u, u) for any u G . 

(2): If is strongly subordinate to {£^,E^), then any £^-nest is an 

£^-nest. Therefore any £^-q.c function is £^-q.c., and if is quasi¬ 

regular, then so is {£^,E^). 

The following theorem is an analogy of Theorem 3.4 and 3.5 of m which char¬ 
acterize the relationship between killing transform of Markov processes and subor¬ 
dination of Dirichlet forms. 

Theorem 5.2. Let X and {£,iF) be given above. If M G MF^ and {£^,E^) 
is the properly associated quasi-regular semi-Dirichlet form of the subprocess X^, 
then {£^,E^) is strongly subordinate to (£,E). On the contrary assume {£',E') 
to be another quasi-regular semi-Dirichlet form on L^{E,m) and X' its associated 
Markov process. If {£',E') is strongly subordinate to {£,T), then there exists an 
M G MF_(_ such that X' is the subprocess of X killed by M. 
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Appendix A. Introduction to the (lower bounded) semi-Dirichlet 

FORMS 

The definition of the semi-Dirichlet form is as follows. 
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Definition A.l. Let E he a metrizable Lusin space and m a cr-finite positive 
measure on the Borel cr-algebra B oi E. A bilinear form {£,E) on L‘^{E,m) with 
E being dense in L^{E,m) is called a coercive closed form if 

(fl): {£,E) is positive definite and closed on L‘^{E,m), where 
(A.l) 8{u,v) :=—{£{u,v) + 8{v,u)), u,v€E 

is the symmetric part of 8. 

(82): (Sector condition) There exists a constant K > 0 such that 
(A.2) 8i{u,v) < K8i(u,u)^8i{v,v)^, u,v € E. 

Moreover {8,E) is called a semi-Dirichlet form on Lp‘{E,m) if in addition: 

(f3): (Semi-Dirichlet property) For every u&E,u^/\l(iE and 
£:(m-u+A1,m+A l) >0. 

Note that the semi-Dirichlet property (f 3) is in accordance with [B] but contrary 
to [TB] and [IH]. In fact in [TB] and [T5] the semi-Dirichlet property means that for 
every u&E,u^A\€E and 8{u'^ A 1, w — A 1) > 0. In other words, the 
dual form 8{u,v) := 8{v,u) for any u,v G E of the semi-Dirichlet form {8,E) in 
Definition lA.ll is a semi-Dirichlet form in the context of m and [TB]. Denote the 
antisymmetric part of 8 by 

(A.3) 8{u,v) =—{8{u,v) — 8{v,u)), u,vGE. 

Obviously if {8,E) is symmetric, then 8 = h. The extended Dirichlet space of 
{8,E) is denoted by Eg. Let {Tt)t>o, {Ga)a>o (resp. (Tt)t>o, (Go,)a>o) denote the 
semigroup and resolvent (resp. co-semigroup and co-resolvent) of the semi-Dirichlet 
form {8,E). In particular 

(A.4) {u,v)m = 8a{v,GaU) = 8a{GaU,v), u G {E, m), V G E, a > 0. 

The semi-Dirichlet property {8S) is equivalent to the Markov property: if 0 < u < 1 
and u G L‘^{E, m), then 0 < Ttu < 1 for any t > 0 (equivalently 0 < aGaU < 1 for 
any a > 0). 

We refer the quasi-notions of semi-Dirichlet forms, say 8-nest, 8-exceptional set, 
eapacity (denoted by Cap), 8-quasi-everywhere (£^-q.e. in abbreviation), 8-quasi- 
eontinuous (£^-q.c. in abbreviation), quasi-regularity, m-polar and semipolar etc, to 
m, m, [n], m and [18]. Note that N is £^-exceptional if and only if Cap(A) = 0. 
The f-q.c. m-version of u is usually denoted by u. Every quasi-regular semi- 
Dirichlet form has a properly associated m-tight special standard process X, i.e. 
Ptu{x) := E^{u{Xt)) is an f-q.c. m-version of TfU for all u G Lf{E,m). Moreover 
if {8, E) is quasi-regular then every function in E has an 8-q.c m-version. Under 
the sector condition, a semipolar set is m-polar. 

Fix a constant a G [0, oo). A positive function u G L^{E, m) is called a-excessive 
(resp. a-coexcessive) if e~°‘*TtU < u (resp. e~°‘^TtU < u) for all t > 0. Note that u is 
a-excessive (resp. a-coexcessive) if and only if /SGa+pu < u (resp. pGa-epu < u) for 
all /3 > 0. In particular for any positive function u G Lf(E,m), GaU is a-excessive 
and GaU is a-coexcessive with a > 0 (a > 0 if A is transient). A 0-(co)excessive 
function is always called (co) excessive in abbreviation. The following lemma will 
be used to prove Theorem 14.71 We include the proof here for completion. 
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Lemma A.2. Suppose that u € tF is a-coexcessive and v € J-. Then u Av € F 
and 

£a{u Av,u Av) < £a{u A V, v). 

In partieular if a > 0 then £a{uAv,uAv) < K^£a{v,v) for some constant > 0. 

Proof. Clearly u Av € F' and v = uAv+{v — m)+. It follows from the property of 
the approximating form that 

£ct{u Av,v — u Av) = lim j3(u A v — PGp+aiu A v),v — u A v)m 
0—^00 

= lim /3(u Av — l3Gp+a{u A v), (v - u)+)m- 
0^00 

Note that (uAv)(x)(v — u)^(x) = u(x)(v — u)+(x) for any x £ E and Ga+p(uAv) < 
Ga+ 0 (u) because Ga+p is positivity preserving. Since u is a-coexcessive we can 
deduce that PGp+aU < u and 

£a{u A v,v — u A v) > lim /3(u — pGp^aU, {v — u)+)m > 0. 

0^00 

If a > 0 then it follows from the sector condition that there exists a constant 
Ka > 0 such that 

£a{u Av,U Av) < £a{u A v,v) < Ka£a(u A V,U A v)^£a{v, u) 2 . 

Therefore £a{u A v,u A v) < K^£a(y,v). □ 

The lower bounded semi-Dirichlet form with a non-negative parameter ag is a 
weaker form than the (non-negative) semi-Dirichlet form. Its definition is as follows. 

Definition A.3. A dense bilinear form {£,F) on L^{E,m) is called the lower 
bounded closed form if there exists a constant ag > 0 such that 

(fl'): (Lower bounded) £ao{u, u) > 0 for any u £ F and is a Hilbert space 
with the norm || • for any a > ag. 

{£2'): (Sector condition) There exists a constant A > 0 such that 

£ao (u, u) ^ K£q^q (zi, u) ^ £aQ (u, v) 2 . 

Moreover {£, F) is called the lower bounded semi-Dirichlet form with the parameter 
ag if in addition (£, F) also satisfies the semi-Dirichlet property (£3) in Defini¬ 
tion |^T] 

For any lower bounded closed form (£, F) there exist two unique strongly con¬ 
tinuous semigroups (not necessarily to be contractive) (Tt)t>o, {Tt)t>o on Lf{E,m) 
such that 11 Ft 11 < e“°*,||Ti|| < e“°‘ and similarly their corresponding resolvents 
satisfy (IA.4I) for any / G L‘^{E,m),u £ F and a > ag. Moreover define the 
approximating form f “ by 

£°'(u,v) := a(u,v — aGav)m, u,v £ L'^(E,m), 

then u £ F if and only if limQ_>oo^“(M, u) < oo and if u, u G F, then limQ,_>oo £‘^{u, v) 
£{u, v). The following lemma is used to prove Theorem |T4] and its proof is obvious. 

Lemma A.4. Let {£,F) be a lower bounded closed form and Tt,TtTGa,Ga the as¬ 
sociated strongly continuous semigroups and resolvents. Then {£, F) is non-negative 
if and only if the semigoup {Tt)t>o (or eguivalently the resolvent (Ga)a>oJ is con¬ 
tractive, i.e. ||T(|| < I for any t >0 (or eguivalently ||aG'o,|| < 1 for any a>Q). 
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Appendix B. The correspondence between the PCAFs and smooth 

MEASURES 

We refer the definition of the additive functionals (AFs) of X to Definition 3.16 
of [6]. Note that two AFs A and B are m-equivalent if and only if P™{At =/= Bt) = 0 
for all t > 0. 

For any PCAF {At)t>o, there exists a unique cr-finite measure on E charging 
no ^-exceptional sets such that 

(B.l) (/, fi)^, = hm [ f{Xs)dAs = lim I3{h, U^fU 

t—¥{j t JQ p—¥00 

for any non-negative function / and a-coexcessive function h G E with a > 0. The 
sequences appeared in (IB.1|) are increasing relative to t 0 or ^ t oo. Here 

pOO 

(B.2) U^fix) := E- / e-P*f{Xt)dAt, x € E. 

Jo 

The unique cr-finite measure )ia relative to (At)t>o is also called the Revuz measure 
of the PCAF {At)t>o- On the contrary a measure ^ on E charging no f-exceptional 
sets is the Revuz measure of a PCAF of X if and only if one of the following 
equivalent conditions holds (see Theorem 4.22 of my- 

( 1 ) : There is a q.c. function / such that / > 0 q.e. and < oo. 

(2) : There is an f-nest {A„ : n > 1} of compact subsets of E such that 
^{Kn) < oo for any n > 1. 

A positive measure /i on {E,B{E)) is called smooth with respect to {£,E), denoted 
hy € S, if fJ.{N) = 0 for any ^-exceptional set N £ B{E) and p, satisfies any of 
the above two conditions. The PCAFs of X and the smooth measures of {£,E) 
have a one-to-one correspondence (up to the equivalence of PCAFs) by the formula 
dHII. We refer more equivalent conditions of (IB.ip to Theorem A.8 of [17]. A 
characterization to the Revuz measure by P.J.Fitzsimmons in is very useful to 
prove Lemma 14.31 

Lemma B.l (Corollary 4.16, [B]). Let A be any PCAF of X and pA the associated 
Revuz measure of A. Then 

(B.3) £^{h,U%f) = pA{hf) 

for any a > 0, all h £ E and all f £ S'*" for which U^f £ E. If X is transient, 

£{h, UAf) = PA{hf) 
for all h £ E^. and all f £ B'^ for which UAf £ Ee- 

Remark B.2. In fact we can remove the condition h £ E \n (IB.II) . in other words, 
dHU holds for any non-negative function / and a-coexcessive function h with a > 0 
(a = 0 if A is transient). To see this, choose an a-coexcessive strictly positive q.c. 
function g £ E (we refer its existence to Theorem 2.4.8 of [TH] for a > 0 and 
Proposition 3.3 of [I] for a = 0 if A is transient). Set hn := h A ng £ E and is 
a-coexcessive by Lemma 1.4.2 of [18]. Then hn has a q.c. m-version /i„. Define a 
quasi-open set 

G„ := {x : hn{x) < ng{x)}. 

It follows that = E q.e. and hence the function h defined by h{x) := hn{x) 

for any x £ Gn, n > 1 is clearly a q.c. m-version of h. Moreover hn f h m-a.e. and 
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hn^ h q.e. Since (|B.ip holds for every /i„, by letting n ^ oo, it also holds for h 
and its q.c. m-version h. 


Appendix C. Multiplicative functionals and the killing transforms 


We refer the definition of the multiplicative functionals of X to [50] and m- 
Note that all the equalities or inequalities about MFs and AFs appeared in this 
section are in the sense of P^-a.s. Let MF(A) (or MF if X is fixed) be the set of 
all exact multiplicative functionals of A. It is convenient to suppose that M* = 0 
for t > C- Two MFs M, N G MF(A) are m-equivalent provided that for each t > 0, 
Mt = Nt P^-a.s. on > t}. For any M SMF, write 

Sm := inf{t > 0 : Mt = 0}, Em ■■= {x G E : = 1) = 1}, 


for the life time and the set of permanent points of M. Clearly Em is also the set 
of all irregular points of Sm, i-e. Em = {x G E : P^{Sm > 0) = 1}. In particular 
Em is a finely open set. If Em is nearly optional, M is called a right MF. Further 
let 

MF+ := {M e MF : > 0 P’”-a.s.}, 

MF++ := {M G MF : M does not vanish, i.e. Sm > C -a.s.}. 

Then MF++ C MF+ C MF. If M e MF+, then Em = E m-a.e., whereas Em is 
finely open (hence q.e. quasi-open). It follows that Em = E q.e. 

If M is right, define for each x G Em a probability on (fl, AI) by 

poo 

(C.l) Q^Z):=E^ Zoktd{-Mt), Z G bM 

Jo 

where {kt)t>o sxe the killing operators on defined by ktuj{s) = uj(s) if t > s and 
ktuj{s) = A if t < s. Then (Mt), Xt,0t,Q^) is also a right Markov process 

with the state space Em and lifetime Sm, which is called the M-subprocess of X (or 
the subprocess of X killed by M) and denoted by {X, M) or X^. The semigroup 
(Qi)t>o and resolvent {V°‘)a>o of X^ can be given by 


Qtfix) = E%f{Xt)Mt), 

(C.2) 

C“/(x) = A" / e-‘^^f{Xt)Mtdt 
Jo 

for X G Em, t > 0,a > 0 and Qt{x, •) = V°‘{x, •) = 0 for any x ^ Am, t > 0, a > 0. 
An (A^t)-stopping time T is called a terminal time if T = t -\-T o 9t identically on 
{t < T}. If T is a terminal time, 1 [o,t)( 0 an MF of X and Sm is a terminal 
time if M S MF(A). Let Exc“ (resp. Exc“(M)) denote all of the a-excessive 
functions of X (resp. X^) and in particular a will be omitted if it equals 0. 
Clearly, Exc“ C Exc“(M). 

Fix an M G MF. We also refer the definition of the M-additive functionals of 
X to [50]. Let AF(A, M) or AF(M) (resp. PCAF(A, M) or PCAF(M)) denote 
the set of all M-(resp. continuous) additive functionals. If Mt = I, then CAF(l) 
is exactly the set of all the PCAFs of X introduced in Appendix |B] We write 
PCAF for CAF(l). For a terminal time T, AF(T) := AF(l[o_ 7 ’)) and write T- 
additive functional for l[o_T)-additive functional. Further let Mt := 1 —Mj. Clearly 
M G AF(M). Moreover the Stieltjes logarithm of M 


(C.3) 


(slogM)t := ^ ^ > 0 
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is an 5'M-additive functional. We usually write {[M]t)t>o for {{slogM)t)t>o- 

Appendix D. Proof of Theorem 14.71 

Proof. Similarly to the discussions to the killing transforms in Theorem 4.1 of 
[26] it follows from Theorem 5.10 of [6], Proposition 13.121 and Theorem 14.41 that 
we only need to deal with the case of Mt = 1[o,Sm)(^)i^ — 0 such that Sm is a 
terminal time and Sm > 0 a.s. In particular there exists a subset B C E x E \ d 
such that Sm = Jb '■= inf{t > 0 : {Xt-,Xt) G B}. Without loss of generality 
assume that Em = E and (14.141) holds for um = i'Sm = Is • p- Further set 
V^f{x) = E^ f{Xs)ds, similarly to Theorem 14.41 it suffices to prove that for 
/ G pL^{E,m) and u G pE, 

(D.l) V^feE, {uJU=£{u,V^f) + >ysM{n<S)V^f). 

First assume B C {{x,y) : p{x,y) > c] for some constant c > 0 where p is the 
metric on E. Then (ID. II) can be proved for this case similarly to Theorem 4.1 of 
[26] . For general B <Z E x E\d\et 

Bn'-Br\{{x,y) : p{x,y)>-), Tn:=JB„- 

n 

Since Sm > 0 a.s. it follows that {Tn} well converges decreasingly to Sm in the sense 
that for any w G D, there exists a constant N = N{uj) such that Tn{uj) = iS'm(w) 
for all n> N. Denote by (V^) the resolvent of (A, T„) and then 

pTn pSm 

(D.2) V^f{x)=E- e-^f{Xt)dtiE- e-^ f{Xt)dt = /(x) 

Jo Jo 

as n ^ oo for any x G E. Clearly we have 

Vuf e E, {u, f)m = £i{u, V^f) + ixtAu ® V^f) 

for / G pL‘^{E,m) and u G pE. Similarly to Theorem 4.1 of [55] that V^f —>• V^f 
weakly in E and in particular f G E. Thus we need to prove for / G pL^(E, m) 
and u G pE that 

lim [u 0 P„V) = pSm (u ® ^V)- 

n—¥oo 

Without loss of generality assume X to be transient (see [[2]). The notations g,rh = 
g ■ m and X are given in the notes before Lemma 12.51 In particular X and X are 
in duality relative to the excessive function m. Note that g G E is a q.e. strictly 
positive coexcessive q.c. function. Let B = {{x,y) : ijj,x) G B}, Sm = Jg 
inf{t > 0 : {Xt-,Xt) G B} and similarly Tn := Then Sm (resp. Tn) is dual 

to Sm (resp. T„) relative to m and (resp. ) is the dual bivariate Revuz 
measure of (resp. relative to m (see §6 of [26]). Clearly T„ well converges 
to Sm- It follows from (1.5.10, 1.3.6) of [2^ and Theorem 13.21 that 

{u 0 P„V) = (g ■ ^rJUu/g) O P„V) = ^rjiutg) ® V^f) 

= o (u/g)) = if,PfJu/g))^ 

where {u/g){x) := P^[e~'^^{u/g){Xf^)\,x G E. From the well convergence of 
{T^} we can deduce that 

Pfju/g){x) -G Pl^{u/g){x) 
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pointwisely. Let Wk := u A kg € J- for any fc > 1. It follows from Lemma lA.21 that 
£{wk.Wk) < £{wk,u) < Ki£i{wk,Wk)i ■£i{u,u)i 
for some constant > 0. Hence 

(D.4) £i{wk,Wk) < {Ki + l)'^£i{u,u), k>l 

and it follows from (ID.3I) that 

(wk ® V^f) = if, {wk/g))^. 

On the other hand since / G pL'^{E, m) we have 


J f{x)rh{dx) = J f {x)g{x)m{dx) < oo. 


From |uife| < kg and the bounded convergence theorem we can deduce that 
UT„(Wfc O H„V) = {f,PfJwk/g))A, if,P§^iwk/9))rh 
as n ^ oo. Similarly to (ID. 31) it follows that 

(/, Psm ('^k/g))^ = i^Sm (wk O H V) 

and thus {wk, f)m = £i{wk, f) + vSf^(wk^V^ f). Since Wk^u and Wk is weak-fi 
convergent to u by (ID. 41) (hence a Cesaro average subsequence of {wk} is strongly 
convergent to u), it follows from the monotone convergence theorem that 

= £liu,V^f) + l/s„(M(g) HV)- 

That completes the proof. □ 
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